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Abstract
Mixed and hybrid &nite element methods for the resolution of a wide range of linear and nonlinear boundary value
problems (linear elasticity, Stokes problem, Navier–Stokes equations, Boussinesq equations, etc.) have known a great
development in the last few years. These methods allow simultaneous computation of the original variable and its gradient,
both of them being equally accurate. Moreover, they have local conservation properties (conservation of the mass and the
momentum) as in the &nite volume methods.
The purpose of this paper is to give a review on some mixed &nite elements developed recently for the resolution of
Stokes and Navier–Stokes equations, and the linear elasticity problem. Further developments for a quasi-Newtonian 'ow
obeying the power law are presented. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let  be a bounded subset of R2 with Lipschitz continuous boundary . We shall &rst present
a mixed &nite element method for the Stokes problem: &nd the velocity u and the pressure p such
that
−9u +∇p= f in ;
∇ · u=0 in ;
u=0 on ;
(1)
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where f is the body force and ¿ 0 is the kinematic viscosity. This mixed &nite element method is
based on the introduction of = ∇u as a new unknown and the writing of the equation −9u +
∇p= f as ∇ · ( − pI) + f =0, where I denotes the identity tensor.
For the natural boundary conditions, or for non-Newtonian 'ows, the more appropriate tensor is
the rate of deformation tensor 	(u)= 12(∇u+∇uT). Then we shall present other mixed &nite element
methods for the Stokes problem written in the following form:
−2∇ · 	(u) +∇p= f in ;
∇ · u=0 in ;
u=0 on :
(2)
The homogeneous Dirichlet boundary conditions, for Problem (2), are taken for the sake of simplicity.
The mixed &nite element methods for Problem (2), that will be presented, are based on the
introduction of =2	(u) as a new unknown and the relaxation of the symmetry of this tensor by
a Lagrange multiplier.
Finally, we will mention recent developments of mixed &nite element methods for a quasi-
Newtonian 'ow obeying the power law.
2. A mixed nite element method with ∇u as a new unknown
Introducing = ∇u as a new unknown, Problem (1) can be written as the system
= ∇u in ;
∇ · ( − pI) + f =0 in ;
∇ · u=0 in ;
u=0 on :
(3)
A mixed formulation of Problem (3) is to &nd (; p)∈ and u∈M such that
1

(; ) + (∇ · (− qI); u)= 0 ∀(; q)∈;
(∇ · ( − pI); v) + (f ; v)= 0 ∀v∈M;
(4)
where
= {(; q)∈ [L2()]2×2 × L20(); ∇ · (− qI)∈ [L2()]2};
M = [L2()]2:
Above, and throughout the paper, (: ; :) means the scalar product on [L2()]N ; N is a positive integer,
(; )=
∫

 :  dx with  : =
2∑
i; j=1
ijij;
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for a tensor =(ij)16i; j62,
∇ · =

 2∑
j=1
91j
9xj
;
2∑
j=1
92j
9xj


and
L20()=
{
q∈L2();
∫

q dx=0
}
:
It is not hard to see that if (u; p) is the solution of Stokes problem (1) such that (∇u; p)∈,
then ((= ∇u; p); u) is a solution of Problem (4). The uniqueness of the solution of (4) is a
consequence of the following inf–sup condition (see [9,11]):
sup
(;q)∈
(∇ · (− qI); v)
‖(; q)‖ ¿ ‖v‖M ∀v∈M;
where
‖(; q)‖2= ‖‖20; + ‖q‖20; + ‖∇ · (− qI)‖20;; ‖v‖M = ‖v‖0;:
Now our aim is to consider the discretization of Problem (4). Let Th be a triangulation of E into
closed triangles ( is assumed to be polygonal). The elements of Th are assumed to be regular in
the usual sense.
Our &nite element approximation of (4) is de&ned as: Find (h; ph)∈h and uh ∈Mh such that
1

(h; h) + (∇ · (h − qhI); uh)= 0 ∀(h; qh)∈h;
(∇ · (h − phI); vh) + (f ; vh)= 0 ∀vh ∈Mh;
(5)
where
h= {(h; qh)∈; qh|K ∈P0(K); (h − qhI)|K ∈ [RT0(K)]2 ∀K ∈Th};
Mh= {vh ∈M; vh ∈ [P0(K)]2 ∀K ∈Th};
with P0(K) denoting the space of constants and
RT0(K)= [P0(K)]2 + xP0(K); x=(x1; x2):
RT0 is the lowest degree Raviart–Thomas element (cf. [19–21]).
The existence and the uniqueness of the solution of discrete problem (5) are consequences of the
following results (see [9,11]).
Proposition 2.1. There exists a constant ; independent of h; such that
sup
(h;qh)∈h
(∇ · (h − qhI); vh)
‖(h; qh)‖ ¿ ‖vh‖M ∀vh ∈Mh:
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Proposition 2.2. There exists a constant ; independent of h; such that
1

(h; h)¿ ‖(h; qh)‖2 ∀(h; qh)∈Vh;
where
Vh= {(h; qh)∈h; (∇ · (h − qhI); vh)= 0 ∀vh ∈Mh}:
Finally, using the properties of the Raviart–Thomas element and the theory of mixed &nite element
methods (see [6]), we obtain the following result.
Theorem 2.1. Let ((; p); u) be the solution of (4) and ((h; ph); uh) the solution of (5). If (; p)∈
[H 1()]2×2 × (H 1() ∩ L20()); then there exists a constant C independent of h such that
‖ − h‖0; + ‖p− ph‖0;6Ch(||1; + |p|1;);
‖u − uh‖0;6Ch(||1; + |p|1; + |u|1;):
For the numerical implementation of this mixed &nite element, we introduce Lagrange multipliers
nh and th to relax the continuity of the normal trace (h − phI) n across inter-element edges of
the triangulation Th. These Lagrange multipliers nh and th approximate the normal component u · n
and the tangential component u · t of the velocity, respectively. The &nite-dimensional space for the
Lagrange multipliers is
!h= {("n; "t)= (" · n; " · t)| "|e ∈ [P0(e)]2 ∀e∈0h; "|e=0 ∀e∈9h}
with h being the set of edges of the elements of Th and
9h = {e∈h; e ⊂ }; 0h =h − 9h :
This procedure leads to the following mixed-hybrid formulation: Find (h; ph)∈ ˆh; uh ∈Mh and
(nh; th)∈!h such that
1

∫

h : h dx +
∑
K∈Th
∫
K
∇ · (h − qhI) · uh dx
−
∑
K∈Th
∫
9K
(h − qhI)nnnh ds−
∑
K∈Th
∫
9K
(h)ntth ds=0 ∀(h; qh)∈ ˆh;
∑
K∈Th
∫
K
∇ · (h − phI) · vh dx +
∫

f · vh dx=0 ∀vh ∈Mh; (6)
∑
K∈Th
∫
9K
(h − phI)nn"nh ds+
∑
K∈Th
∫
9K
(h)nt"th ds=0 ∀("nh; "th)∈!h;
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where
ˆh= {(h; qh)∈ [L2()]2×2 × L20(); qh|K ∈P0(K); (h − qhI)|K ∈ [RT0(K)]2 ∀K ∈Th};
and, for a tensor ; nn= n · n; nt = n · t.
Observe that, owing to the last equation of (6), the components (h; ph) and uh of (5) and (6)
coincide. On the other hand, in the algebraic equations generated by (6), the vectors for the degrees
of freedom for h and uh can be eliminated at the element level. Hence, the resulting linear algebraic
system involves only the Lagrange multipliers and the pressure (see [9,11] for more details).
Finally, let us mention that we have shown that this mixed &nite element has properties of local
conservation of momentum and mass like in the &nite volume methods (see [8,12]). We have
also used this mixed &nite element for Navier–Stokes equations (see [11,15]) and for Boussinesq
equations (see [16,17]).
3. Mixed nite element methods with ”(u) as a new unknown
Introducing =2	(u) as a new unknown, Problem (2) can be written as the system
=2	(u) in ;
∇ · ( − pI) + f =0 in ;
∇ · u=0 in ;
u=0 on :
(7)
The diKculty for the construction of mixed &nite elements for Problem (7) lies in the symmetry
of the tensor  (see [2,6], for a discussion on this point). Recently, we have constructed a non-
conforming mixed &nite element for Problem (7) where the approximation of the tensor  is fully
symmetric (see [14]). However, the implementation of this &nite element is not easy.
The common way to overcome this diKculty is to relax the symmetry of the tensor  by a
Lagrange multiplier. Let us be more precise. From the equations =2	(u) and ∇ · u=0, one can
write
1
2
(; )= (	(u); ) = (	(u); − qI)
= (∇u − !; − qI)
=−(∇ · (− qI); u)− (; !);
where != 12(∇u −∇uT), the vorticity tensor, and (; q) is any element of the space
= {(; q)∈ [L2()]2×2 × L20(); ∇ · (− qI)∈ [L2()]2}:
The mixed formulation of Problem (7) is to &nd (; p)∈ and (u; !)∈M such that
1
2
(; ) + (∇ · (− qI); u) + (; !)= 0 ∀(; q)∈;
(∇ · ( − pI); v) + (; &) + (f ; v)= 0 ∀(v; &)∈M;
(8)
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where
= {(; q)∈ [L2()]2×2 × L20(); ∇ · (− qI)∈ [L2()]2};
M = {(v; &)∈ [L2()]2 × [L2()]2×2; &+ &T = 0}:
It is clear that if (u; p) is the solution of Stokes problem (2) such that (2	(u); p)∈, then
((; p); (u; !)), with =2	(u) and != 12(∇u−∇uT), is a solution of Problem (8). The uniqueness
of the solution of (8) is a consequence of the following result on the inf–sup condition.
Proposition 3.1. There exists a positive constant  such that
sup
(;q)∈
(∇ · (− qI); v) + (; &)
‖(; q)‖ ¿ ‖(v; &)‖M ∀(v; &)∈M; (9)
where ‖(v; &)‖2M = ‖v‖20; + ‖&‖20;.
Proof. Given (v; &)∈M , we let 1 = 	(z) where z∈ [H 10 ()]2 is the unique solution of
(	(z); 	(w))=− (v;w) ∀w∈ [H 10 ()]2:
Then, we have ∇ · 	(z)= v in , and (owing to Korn’s inequality) ‖	(z)‖0;6C‖v‖0;. Thus,
(1; 0)∈ and ‖(1; 0)‖6C‖v‖0;. On the other hand,
(∇ · 1; v) + (1; &)
‖(1; 0)‖ =
‖v‖20;
‖(1; 0)‖ ¿C1‖v‖0;: (10)
Now, since &+ &T = 0, one can write &= '( with '∈L2() and
(=
[
0 −1
1 0
]
:
Let 2 = 	(z) + '(, where z∈ [H 10 ()]2 is the unique solution of
(	(z); 	(w))=− 〈curl ';w〉 ∀w∈ [H 10 ()]2:
Above, curl '=(9'=9x2;−9'=9x1) and 〈· ; ·〉H−1×H 10 .
Then, we have ∇ · 2 =∇ · 	(z) +∇ · ('()= curl ' − curl '=0 and (owing to Korn’s inequality)
‖	(z)‖0;6C‖'‖0;. Thus, (2; 0)∈ and ‖(2; 0)‖6C‖&‖0;. On the other hand,
(∇ · 2; v) + (2; &)
‖(2; 0)‖ =
‖&‖20;
‖(2; 0)‖ ¿C2‖&‖0;: (11)
Finally, (9) is a consequence of (10) and (11).
Now our aim is to consider the discretization of Problem (8). Let h ⊂  and Mh ⊂ M be two
&nite-dimensional spaces. Then, Problem (8) is discretized by the following one: Find (h; ph)∈h
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and (uh; !h)∈Mh such that
1
2
(h; h) + (∇ · (h − qhI); uh) + (h; !h)= 0 ∀(h; qh)∈h;
(∇ · (h − phI); vh) + (h; &h) + (f ; vh)= 0 ∀(vh; &h)∈Mh:
(12)
We shall present one of the mixed &nite elements that we have constructed in [13]. In fact, in
[13] we have presented a uni&ed approach to build mixed &nite elements for the elasticity and the
Stokes problems. However, the presentation in this paper is slightly diOerent from the one given in
[13]. Let us be more precise. We set
P(K)= [P1(K)]2 +  curl bK ;
where  is a constant, P1(K) denoting the space of polynomials of degrees less or equal to 1, and bK
the “bubble function” de&ned by bK(x)= 1(x)2(x)3(x), with 1; 2; 3 the barycentric coordinates
in K . Then we de&ne the following &nite-dimensional spaces:
h= {(h; qh)∈; qh|K ∈P1(K); (h − qhI)|K ∈ [P(K)]2 ∀K ∈Th}; (13)
Mh= {(vh; &h)∈M ; vh|K ∈ [P0(K)]2; &h= 'h( with 'h|K ∈P1(K) ∀K ∈Th}: (14)
Before giving the analysis of discrete problem (12), with the spaces h and Mh de&ned by (13)
and (14), let us begin with some preliminary remarks. This mixed &nite element is an element with
a lower degree (with less degrees of freedom) in which the approximation of the rotation (i.e., !) is
discontinuous. The PEERS element (see [1]) is still the lowest degree &nite element but the variable
corresponding to the rotation cannot be eliminated at the element level since it is continuous. Also
the degrees of freedom of the mixed &nite element presented here are less than the ones of an
optimal order in [23] with the same order of accuracy.
Now, we should state some intermediate results before giving the optimal error estimates for the
mixed &nite element method proposed in this section.
Proposition 3.2. There exists a constant ; independent of h; such that
1
2
(h; h)¿ ‖(h; qh)‖2 ∀(h; qh)∈Vh; (15)
where
Vh= {(h; qh)∈h; (∇ · (h − qhI); vh) + (h; &h)= 0 ∀(vh; &h)∈Mh}: (16)
Proof. The proof of this result is the same as the one of Proposition 3.2 in [11].
Proposition 3.3. There exists a constant ; independent of h; such that
sup
(h;qh)∈h
(∇ · (h − qhI); vh) + (h; &h)
‖(h; qh)‖ ¿ ‖(vh; &h)‖M ∀(vh; &h)∈Mh: (17)
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Proof. Let (vh; &h)= (vh; 'h()∈Mh. There exists ˆh ∈ [H (div;)]2 (i.e., ˆh ∈{∈ [L2()]2×2;
∇· ∈ [L2()]2}) such that ˆh|K ∈ [RT0(K)]2 for all K ∈Th; ∇· ˆh= vh in  and ‖ˆh‖0;6C‖vh‖0;
(this is a consequence of properties of RT0, see [18,20]).
Let us set sh=(1=||)
∫
('h − as(ˆh)) dx where || means area of  and as()= 21 − 12. We
have |sh|6C(‖'h‖0; + ‖ˆh‖0;)6C(‖'h‖0; + ‖vh‖0;).
Now, let us set +h= 'h − as(ˆh) − sh, so that +h has mean value zero on . Thus, there exists
w∗ ∈ [H 10 ()]2 such that ∇·w∗= +h and ‖w∗‖1;6C‖+h‖0;. Consequently, ‖w∗‖1;6C(‖'h‖0;+
‖vh‖0;).
Using the fact that the discretization of Stokes problem (1) by [P2⊕bK ]2−P1 (i.e., the Crouzeix–
Raviart element P+2 − P1, see [7]) is stable, we get
wh ∈{v∈ [H 10 ()]2; v|K ∈ [P2(K)⊕ R bK ]2 ∀K ∈Th}
such that (∇ · (w∗ − wh); "h)= 0 for all "h ∈{"∈L20(); "|K ∈P1(K) ∀K ∈Th}, and ‖wh‖1;6
C‖w∗‖1;.
Let us set
∗h = ˆh +
[
curlwh;1
curlwh;2
]
+
sh
2
(
with wh=(wh;1; wh;2). Thus (∗h ; 0)∈h and
(∇ · ∗h ; vh) + (∗h ; &h) = (∇ · ˆh; vh) + (as(∗h); 'h)
= (vh; vh) + (as(ˆh) +∇ · wh + sh; 'h)
= ‖vh‖20; + ('h − +h +∇ · wh; 'h)
= ‖vh‖20; + ‖'h‖20; − (+h; 'h) + (∇ · w∗; 'h)
= ‖vh‖20; + ‖'h‖20;:
Therefore
(∇ · ∗h ; vh) + (∗h ; &h)
‖(∗h ; 0)‖
¿C
‖vh‖20; + ‖'h‖20;
‖vh‖0; + ‖'h‖0; :
This last inequality implies (17).
Remark 3.1. As one can see, from the proof of this last result, the stability of this mixed &nite
element is linked to the one of the Crouzeix–Raviart element for the Stokes problem in primitive
variables, i.e., Problem (1). In fact, in [13] we have shown how to build mixed &nite elements for
the elasticity and Stokes problems by using stable &nite elements for Stokes problem in primitive
variables.
As a consequence of (15) and (17), Problem (12) has a unique solution ((h; ph); (uh; !h))
in h ×Mh.
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Proposition 3.4. There exists an operator
-h:  ∩ ([Ls()]2×2 × Ls())→ h
(; q) → -h(; q)= (h; qh)
(s¿ 2) such that
(∇ · [(− qI)− (h − qhI)]; vh) + (− h; &h)= 0 ∀(vh; &h)∈Mh: (18)
Further; for all ∈ [Hm()]2×2 and q∈Hm() ∩ L20(); m=1; 2; we have
‖(; q)−-h(; q)‖0;6Chm(||m; + |q|m;); (19)
where C is a constant independent of h; and ‖(; q)‖20;= ‖‖20; + ‖q‖20;.
Proof. Let (; q)∈∩([Ls()]2×2×Ls()) and set qh= /hq, where /h is the L2-projection of L2()
onto
∏
K∈Th P1(K). Now, we de&ne 
∗
h such that, for all K ∈Th,
(∗h − qhI)|K ∈ [P1(K)]2×2;∫
9K
[(∗h − qhI)− (− qI)]n · p1 ds=0 ∀p1 ∈ [P1(e)]2 ∀e∈ 9K; (20)
where n=(n1; n2) denotes the unit outward normal to 9K and the normal trace n=(11n1 +
12n2; 21n1 + 22n2).
Let s=(1=||) ∫ as(− ∗h) dx and +=as(− ∗h)− s. Thus, there exists w∈ [H 10 ()]2 such that∇ · w= + and ‖w‖1;6C‖+‖0;6C‖− ∗h‖0;.
Using the fact that the discretization of Stokes problem (1) by the Crouzeix–Raviart element is
stable, we get
wh ∈{v∈ [H 10 ()]2; v|K ∈ [P2(K)⊕ R bK ]2 ∀K ∈Th}
such that (∇·(w−wh); "h)= 0 for all "h ∈{"∈L20(); "|K ∈P1(K) ∀K ∈Th}, and ‖wh‖1;6C‖w‖1;.
Finally, set -h(; q)= (h; qh), where
h= ∗h +
[
curlwh;1
curlwh;2
]
+
s
2
(
with wh=(wh;1; wh;2). Thus, we have -h(; q)∈h, ∇·(h−qhI)=∇·(∗h−qhI) and as(h)= as(∗h)+
∇ · wh + s.
Now, using all these properties, the fact that[
curlwh;1
curlwh;1
]
∈ [H (div;)]2
and (20), we get (18).
To get (19), it is suKcient to observe that ‖−h‖0;6C‖−∗h‖0; and to use the error estimates
on the operator /h and the one associated to BDM1 (cf. [5]).
We are now in a position to establish optimal error estimates. In the following, ((; p); (u; !))
denotes the solution of Problem (8) and ((h; ph); (uh; !h)) denotes the solution of Problem (12)
with h and Mh de&ned by (13) and (14).
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Theorem 3.1. If (; p)∈ [Hm()]2×2 × (Hm() ∩ L20()) and !∈ [Hm()]2×2; m=1; 2; then there
exists a constant C independent of h such that
‖ − h‖0; + ‖p− ph‖0;6Chm(||m; + |p|m; + |!|m;); (21)
‖!− !h‖0;6Chm(||m; + |p|m; + |!|m;); (22)
‖u − uh‖0;6Ch(||1; + |p|1; + |u|1; + |!|1;); (23)
‖P0hu − uh‖0;6Chm(||m; + |p|m; + |!|m;); (24)
where P0h is the L
2-projection of [L2()]2 onto [
∏
K∈Th P0(K)]
2.
Proof. From (8) and (12), we have
(∇ · [( − pI)− (h − phI)]; vh) + ( − h; &h)= 0 ∀(vh; &h)∈Mh;
1
2
( − h; h) + (∇ · (h − qhI); u − uh) + (h; !− !h)= 0 ∀(h; qh)∈h:
(25)
Let (P0hu; /
1
h!) denote the interpolant to (u; !) in the space Mh. Then, using (18) and the properties
of P0h and /
1
h, relation (25) yields
(∇ · [(∗h − p∗hI)− (h − phI)]; vh) + (∗h − h; &h)= 0 ∀(vh; &h)∈Mh;
1
2
( − h; ∗h − h)= (h − ∗h ; !− /1h!);
where (∗h ; p
∗
h)=-h(; p).
These last equalities, with (15), (19) and the standard estimation on /1h, give us
‖∗h − h‖0; + ‖p∗h − ph‖0;6Chm(||m; + |p|m; + |!|m;):
Therefore, (21) follows immediately.
To prove (22)–(24), &rst observe that
(∇ · (h − qhI); P0hu − uh) + (h; /1h!− !h)=
1
2
(h − ; h) + (h; /1h!− !) ∀(h; qh)∈h;
owing to the second relation of (25) and the properties of the interpolant (P0hu; /
1
h!).
Now using inf–sup condition (17), we get
‖P0hu − uh‖0; + ‖/1h!− !h‖0;6C (‖ − h‖0; + ‖!− /1h!‖0;):
Finally, by the standard interpolation theory and (21), we obtain (22)–(24).
As in Section 2, we use a hybrid form of Problem (12) for the numerical implementation of
this mixed &nite element. More precisely, the hybrid form of Problem (12) reads as follows: Find
(h; ph)∈ ˆh, (uh; !h)∈Mh and (nh; th)∈!h such that
1
2
∫

h : h dx +
∑
K∈Th
∫
K
∇ · (h − qhI) · uh dx +
∫

h :!h dx
−
∑
K∈Th
∫
9K
(h − qhI)nnnh ds−
∑
K∈Th
∫
9K
(h)ntth ds=0 ∀(h; qh)∈ ˆh;
M. Farhloul, M. Fortin / Journal of Computational and Applied Mathematics 140 (2002) 301–313 311
∑
K∈Th
∫
K
∇ · (h − phI) · vh dx +
∫

h : &h dx +
∫

f · vh dx=0 ∀(vh; &h)∈Mh;
∑
K∈Th
∫
9K
(h − phI)nn"nh ds+
∑
K∈Th
∫
9K
(h)nt"th ds=0 ∀("nh; "th)∈!h;
(26)
where
ˆh= {(h; qh)∈ [L2()]2×2 × L20(); qh|K ∈P1(K); (h − qhI)|K ∈ [P(K)]2 ∀K ∈Th}
and
!h= {("n; "t)= (" · n; " · t)| "|e ∈ [P1(e)]2 ∀e∈0h; "|e=0 ∀e∈9h}:
The treatment of the algebraic equations generated by (26) is similar to the one of the algebraic
equations generated by (6).
4. A mixed nite element method for quasi-Newtonian (ow obeying the power law
We consider the following boundary value problem: Find (u; p) such that
−2&0∇ · (|D(u)|r−2D(u)) +∇p= f in ;
∇ · u=0 in ;
u=0 on ;
(27)
where D(u)= 12(∇u+∇uT) is the rate of deformation tensor, |D(u)|2 =
∑2
i; j=1 |Dij(u)|2 and 1¡r¡ 2.
We note that the choice r=2 leads to Stokes problem (2). Problem (27) models a pseudo-plastic
'uid.
The approximation of (27) by &nite elements has been studied in several works (see, e.g., [3,4,22]).
Our aim is to show that we can use the mixed &nite element of the previous section for the
approximation of Problem (27). To this end, let = |D(u)|r−2D(u). Then, ||r′−2=D(u), where
1=r + 1=r′=1. With this relation, Problem (27) is decomposed into a &rst order system as follows
(we take &0 = 12 for ease of presentation):
A():=||r′−2=D(u) in ;
∇ · ( − pI) + f =0 in ;
∇ · u=0 in ;
u=0 on :
(28)
The mixed formulation of Problem (28) is to &nd (; p)∈ and (u; !)∈M such that
(A(); ) + (∇ · (− qI); u) + (; !)= 0 ∀(; q)∈;
(∇ · ( − pI); v) + (; &) + (f ; v)= 0 ∀(v; &)∈M; (29)
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where
= {(; q)∈ [Lr′()]2×2 × Lr′0 (); ∇ · (− qI)∈ [Lr
′
()]2};
M = {(v; &)∈ [Lr()]2 × [Lr()]2×2; &+ &T = 0}
and f ∈ [Lr′()]2.
The discrete problem of (29) reads as follows: Find (h; uh)∈h and (uh; !h)∈Mh such that
(A(h); h) + (∇ · (h − qhI); uh) + (h; !h)= 0 ∀(h; qh)∈h;
(∇ · (h − phI); vh) + (h; &h) + (f ; vh)= 0 ∀(vh; &h)∈Mh;
(30)
where
h= {(h; qh)∈; qh|K ∈P1(K); (h − qhI)|K ∈ [P(K)]2 ∀K ∈Th};
Mh= {(vh; &h)∈M ; vh|K ∈ [P0(K)]2; &h= 'h( with 'h|K ∈P1(K) ∀K ∈Th};
with P(K) as de&ned in the previous section.
For the analysis of Problem (30), with the spaces h and Mh de&ned above, see [10].
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